Abstract. We study the Casimir pressure for a dielectric-diamagnetic cylinder subject to light velocity conservation and with a dispersion law analogous to Sellmeir's rule. Similarities to and differences from the spherical case are pointed out.
Introduction
The Casimir effect is the force between macroscopic bodies, conductors or dielectrics, caused by quantum fluctuations in the vacuum energy of the electromagnetic field or, in a wider sense, of any field. Particularly, the role of dispersion in vacuum energies for dielectrics has received considerable attention for quite a long time (see e.g. refs. [1] - [11] ). In the present work, the object to be studied is an infinitely long cylinder of radius a, along the z axis, subject to the following limitations:
• The cylinder itself is dielectric-diamagnetic and dispersive. Its permittivity ε and permeability µ will depend on the frequency ω of each electromagnetic wave. Light velocity conservation on both sides of the boundary is imposed, i.e., the cylindrical surface is an interface between two relativistic media. The physical significance of this condition in connexion with QCD vacuum was explained in refs. [12] and [3] - [8] . Moreover, this constraint is convenient because it reduces the number of required mathematical ingredients. Therefore, using the unit system in which = c = 1, ε(ω)µ(ω) = 1.
(
As µ(ω) we will choose the analogue of Sellmeir's rule with one single absorption frequency, given by eq. (20) below.
• The environment of the cylinder is vacuum, with permittivity and permeability equal to one.
In sec. 2, several expressions for the surface force density are derived. After applying one of them to the dispersion rule in question, analytical and numerical aspects are discussed in sec. 3 . Observations about the obtained results have been included in sec. 4 . An appendix contains some details on the nondispersive limit.
Surface force density
The (lateral) surface force density, or Casimir radial pressure, was obtained from
Maxwell's stress tensor by Brevik and Nyland in ref. [6] (for background material about Casimir problems with cylindrical symmetry, see also ref. [13] ). Thus, our starting point will be formula (69) in ref. [6] , which supplies the surface force density F for arbitrary µ(ω):
The primed summatory indicates that the m = 0 term is counted with half weight, i.e.,
. Observe that, since µ depends on the frequency, the µ − 1 factor should be inside the integral, not outside. Here
where ω denotes the energy eigenfrequency and k the momentum along the cylinder axis Note that r is not the radial coordinate, but the momentum component perpendicular to the cylinder axis, after complex rotation and in nondimensional form.
Similarly, we can define ϕ = arctan(y/x) =⇒ x = r cos ϕ (of course, this ϕ is not the angular coordinate in ordinary space, but an angle in momentum space). Doing so, the integrals can be reexpressed as
F involves the following quantities from ref.
[6]
where all the unwritten arguments are r's. Bearing in mind the fact that I m , K m are solutions of the modified Bessel equation, one verifies that
The notation ∂f ∂r µ
indicates differentiation of f with respect to r keeping the µ function as if it were independent of r. Using (6), we find
The r.h.s. happens to be the main factor in the integrand of (2) . As a result of (4), (7) we see that the F given by (2) may be recast into the form
Further, in terms of the new notation
(P m should not be mistaken for P m ) one realizes that
where we have introduced
ξ 2 is, in general, a function of ω through µ(ω). By virtue of (10),
Insering (12) into (8) and replacing P 2 m with its explicit expression
As commented, µ 2 , ξ 2 are in general functions of ω = ia −1 x = ia −1 r cos ϕ. In the nondispersive case they are just constants, and the ϕ integration is trivially factored out, yielding π/2 0 dϕ = π/2. Thus, after recalling the meaning of m ′ , F reduces to
Since, according to ref. [6] , this result coincides with the 'radial pressure' P given by formula 67 in ref. [14] (which, in turn, is a generalization of the expression found in ref. [15] ).
It may be interesting to rewrite (13) in the same fashion as Brevik and Einevoll did in ref. [3] for the case of the ball. Differentiating with fixed µ and using (10), one
where
On the other hand,
Next, we observe that
All the time, the unwritten arguments of (15) and the combination of (17), (18) into (13), one obtains
which are analogous to formulas (3.11a) and (3.11b) in ref. [3] , but contain a new element: the ϕ dependence -in addition to the r dependence-of the χ function, since χ(ω) = χ(ia −1 r cos ϕ). In particular, choosing the µ(ω) analogous to Sellmeir's ε(ω) in ordinary electromagnetism,
we are led to
Taking again (13), (9) and relation (17) , one can arrive at
where, according to the definition (11) and our choice (20)
3 Calculation and results
Uniform asymptotic expansions for m = 0
Before proceeding to any numerical evaluation, it is convenient to study the behaviour of (22) by means of (Debye) uniform asymptotic expansions [16] . Leaving the m = 0 contribution aside, for m = 0 we may rescale r → mr in the integrand of (22) and obtain its Debye expansion for mr ≫ 1. Starting from
one gets
(U n , V n should not be mistaken for the u n , v n of ref. [16] , although the former are obtained from the latter). Further, 
Hence, we find
where t ≡ t(r) should be understood. Adopting a notation reminiscent of ref. [3] , this is rewritten as
Let's consider the ϕ integrations. Recalling (23) for r → mr,
where α stands for the α(r) defined in (23). The values of the occurring ϕ integrals
At this stage one may wonder about the possibility of performing the m summation.
m , simple power counting shows the divergence of the harmonic series. Such an obstacle shall be avoided by truncating the m summation like in ref. [6] .
Thus, the only contributing modes will be those for which m ≤ m 0 , where
being f a factor of order unity. The physical basis for this procedure is the conjecture that photons with very high frequencies are not significantly affected by the presence of the medium. To be remarked is the apparently intrinsic nature of this divergent behaviour -already detected for the model of ref.
[6]-, which not even our present choice of µ(ω) can prevent.
Therefore, instead of summing for m, we replace (30) into (29), perform the r integration and obtain the following results
,q denote the coefficients of t 2q in the polynomials V 2 (t), V 4 (t),
, respectively (see (24), (26)), and
B and 2 F 1 stand for the Euler beta function and the hypergeometric function.
Asymptotic expansion for m = 0
In principle, we could content ourselves with a purely numerical evaluation of the m = 0 term and, for practical purposes, that would suffice. At the same time, for coherence, one might like to obtain something similar to what has been found for m = 0. Indded, when m = 0, the integrand in (22) can be approximated by
for large values of r. Of course, this replacement cannot be made near r = 0.
Among the possible ways of dealing with this issue, we choose to split up the r integration range into (0, r a ) and (r a , ∞), using the asymptotic form (35) only in the second domain, while the first part is numerically evaluated. Fairly good results are obtained for r a = 3. The outcome may be expressed as follows
which, after performing the integrations, become
(note formal similarity to eqs.(32)). Here α 1 is given by definition (33) for m = 1, and
with B x denoting the incomplete Beta funcion of parameter x, which can, in turn, be expressed by means of another hypergeometric function.
Numerical results
Separate contributions from each m may be numerically obtained by means of (22)- 
′ F m rel and F app rel (approximation to F rel using formulas in subsecs. 3.1, 3.2) for x 0 = 5, f = 1, i.e. m 0 = 5, and µ 0 = 0.1, 0.5, 5, 50. All quantities vanish at µ 0 = 1, which is an obvious minimum. Table 2 : First values of F m rel , together with F rel , F app rel for x 0 = 50, f = 1 (m 0 = 50), µ 0 = 0.1, 0.5, 5, 50. As can be appreciated, the contributions from 5 < m ≤ m 0 are quite important.
Discussion
The quoted results show that the strength of the force increases as the value of x 0 grows, and that the relative importance of each m mode diminishes with increasing m, although this decrease is not quick enough for the m series to converge. Since all the relative figures are positive, and F DRM < 0, the surface force is negative for all the studied cases. Further, this attractiveness persists for each value of m separately.
Unlike the case of the sphere in ref. [3] , the angular momentum summation leads to a divergence, which we curtail by setting the bound (31). This property could be inherent to the present geometry, as the same behaviour was already observed in ref. [6] for another cylinder with a different dispersion rule (actually, a step function).
If one tries to find the limit as x 0 goes to infinity, the term corresponding to the nondispersive part in J (0) m brings about a divergence as well. However, known results for nondispersive dielectrics are finite [17, 18] , not divergent, and this finiteness is achieved without truncating the m summation. This is so because these calculations introduce regularization procedures which, in fact, eliminate such infinities (for details, see app. A). Putting it in a another way: the divergences which may be envisaged as limits of dispersive models when dispersion tends to zero are removed.
In general, it is not easy to evaluate the importance of new Casimir effect results.
Vacuum energy and Casimir forces are versatile concepts which have led to a wide range of implications, not only in pure quantum field theory (e.g. the subject of flux tubes between quarks in ref. [19] and refs. therein), but also in an area like cosmology, and concerning issues such as the cosmological constant, black holes or spacetime foam [20] . From another perspective, radiation properties in dielectric cylinders and their influence on accelerator physics have been recently discussed in ref. [21] . In view of all this, we can just say that the possible relevance of the obtained results is an open question.
A Appendix: finiteness of the nondispersive limit for some analytical regularizations As already argued, the possible divergences are originated in the behaviour of the
m objects defined in (28) (for x 0 → ∞, the J (0) 0 from formula (37) will also come into play). Here we shall examine them in the nondispersive limit, which corresponds to x 0 → ∞. Let's assume that the force is regularized by changing the overall power of r in the integrand of (22) as follows:
being s a complex parameter for analytical continuation. This type of power change is what essentially happens when applying dimensional or zeta-function regularization (like in, e.g., ref. [18] ). First, s is assumed large enough for all expressions to make sense and, eventually, the analytical extension of the emerging functions to s = −1 is found.
When considering the
m part, one realizes that, as a result of the r → mr rescaling, m powers involving s show up:
Going back to the first integral in (30), we take the limit as x 0 → ∞ (i.e., α → ∞) and find
Therefore, reintroducing the explicit form of t as a function r (see (24)),
where V 2,q are the coefficients of the V 2 polynomial given in (26) and ζ R indicates the Riemann zeta function. Inspection of the beta function arguments shows that the only divergent term at s = −1 is the one with q = 2. Since V 2,2 = 1/2, one has
where O((s+1) 0 ) means finite contribution at s = −1. Thus, the studied divergence is exhibited through a pole of one of the gamma functions in the Euler beta function of (44). If it had not been for the presence of the s parameter, 
0 . In view of the first line of (37), and taking into consideration (40),
The angular integral is given by the first formula in (30) setting m = 1. We take the x 0 → ∞ limit of that result and get 
i.e., J 
In other words, for x 0 → ∞ everything is finite at s = −1 2 . The second line in (48) has been reached using ζ R (0) = −1/2 and the Laurent expansion for the 2 Although formula (48) may give the impression that the first finite contribution to F is of the order of ξ divergent gamma function present in the beta function. Note that the final line is independent of specific value of r a , provided that r a > 0 (r a was the r value from which the exact integrand was replaced with its asymptotic form). This feature is welcome, because it suggests that the shown finiteness does not depend on minor details of the regularization procedure.
The finite character of (48) is the consequence of cancelling two singularities:
one from the ∞ m=1 summation and the other from the m = 0 term. Therefore, the price paid is that one looses sight of the m contributions as individually defined entities.
